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We study the scalar quantum field theory on a generic noncommutative two-sphere
as a special case of noncommutative curved space, which is described by the deformation
quantization algebra obtained from symplectic reduction and parametrized by H2(S2,R).
The fuzzy sphere is included as a special case parametrized by the integer two-cohomology
class H2(S2,Z), which has finite number of degrees of freedom and the field theory has a
well defined Hilbert space. When the two-cohomology class is not integer valued, the scalar
quantum field theory based on the deformation algebra is not unitary: the signature of the
inner product on the space of functions is indefinite. Hence the existence of deformation
quantization does not guarantee a physically acceptable deformed geometric background.
For the deformation quantization on a general curved space, this obstruction of unitarity
can be given by an explicit topological formula.
September 2001, second edition
1. Introduction
Noncommutative geometry has re-emerged as a focus of intensive research as recent
development in string theory reveals the connection of these two subjects[1][2]. The two
prime examples, Rnθ and T
n
θ , exhibit many new phenomenon of the quantum field theory
and string theory on these backgrounds, such as UV/IR mixing, Seiberg-Witten map, new
soliton and instanton solutions, etc. (see reviews [3][4][5] for recent developments.) In both
cases, the noncommutative geometries are described by deformation quantaization algebras
where a constant B field serves as the symplectic two-form needed for the construction.
The geometry is not described in the usual way by defining the open sets and distances, but
as an object dual to the algebra of functions satisfying certain conditions. This correspon-
dence originates from an extention of Gelfand-Naimark theorem which uniquely relates
the compact manifold to the algebra of bounded functions defined on it. The algebra of
smooth functions has a deformed noncommutative but still associative multiplication law,
which has a string theory interpretation as the open string operator algebra in the large
B limit.
It is natural to try to generalize the construction to curved manifolds and repeat
the success in the above two flat space cases. The deformation quantization problem [6],
which is to find the noncommutative algebra for a generic Poisson manifold, is highly
nontrivial and has been developed by mathematicians over the past two decades. There
are mainly three approaches. In the first approach[7], Fedesov first proved that locally on
any symplectic manifold there is always a deformation quantization algebra isomorphic to
the standard Moyal algebra. After introducing the symplectic connection on the formal
Weyl algebra bundle, the noncommutative algebra on the whole manifold is constructed by
essentially patching together local Darboux charts and the corresponding Moyal algebras.
A trace formula is obtained explicitly. In the second approach, Kontsevich[8] deals with
the more general case of Poisson manifold and find an explicit multiplication law in the
form of a formal series expansion. A path integral formulation of a two dimensional
topological sigma model was found later[9]. In these two approaches, the nature of formal
series expansion makes it difficult to perform explicit calculations, and the analysis of the
quantum field theory on these background is hampered, for example the convergence of the
infinite sum in the multiplication law is a difficult issue even before any discussion of the
quantum field theory problem. Thus the symplectic reduction method, which is the third
approach, has an appealing feature of providing closed formulae for the deformed product.
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Although this construction may not be as general as the previous two approaches, this
feature is important for discussing physics problems.
The existence of a meaningful quantum field theory on a generic noncommutative
curved manifold, even in the simplest case of two dimensional sphere S2, is still an unsettled
problem. On the one hand, the construction of fuzzy sphere[10] utilizes the representation
theory of the su(2) Lie algebra, where only the highest weight representations appear with
finite dimensional representation space. The enveloping algebra of the su(2) Lie algebra
becomes finite rank matrix algebra. This results in the quantization of the radius of the
sphere, x2 + y2 + z2 = l(l + 1), l ∈ Z+, which in the semi-classical treatment corresponds
to the quantization of the total angular momentum. This background supports a well-
defined quantum field theory. But the discrete value of the radius for fuzzy sphere is in
sharp contrast to the existence of the deformation quantization algebra for ANY redius of
the sphere. Rieffel[11] argued that there is unbounded operators at the generic radius of
the noncommutative two-sphere, but in view of the usual appearance of the unbounded
operators even in quantum mechanics, this argument does not rule out the possibility of
valid quantum field theory convincingly. And the example of the noncommutative two-
torus, where there is a one dimensional continuous moduli space of the noncommutative
quantum field theory, seems to suggest otherwise.
To settle this question, we set out to study the explicit deformation quantization
algebra for the generic noncommutative two-sphere and the scalar quantum field theory on
it. Mindful of the possiblity that some conditions trivial in the usual commutative geometry
can become nontrivial in the noncommutative setup, we try to identify the possible source
of obstruction imposed by a sensible quantum field theory. The one dimendional moduli
space of the noncommutative algebra on the two-sphere from symplectic reduction[12] is
parametrized by the two-cohomology class H2(S2,R). Because all the two-forms within
the same two-cohomology class determine isomorphic star products[13], we can choose
the SU(2)-invariant two forms B = kω, where ω is the standard volume form on the
sphere and the real constant k =
∫
S2
B parametrizes the noncommutative algebra. The
functions on the sphere are obtained from the homomorphism map of certain functions on
noncommutative C2 in which S2 is embedded. When k is an integer, this homomorphism
serves as a projection operator whose image is the space of the finte rank matrix algebra.
This correspnods to the case of fuzzy sphere. At non-integer k, no such finte cutoff in the
space of functions exists, and all the functions on the sphere are present in the algebra.
The Laplacian has a well defined eigenvalue problem, and there is a complete basis of
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orthogonal functions. The total space of continuous functions decomposes under su(2)
action into direct sum of finite dimensional irreduciable representation spaces, but it is not
a Hilbert space: it has infinitely many positive and negative norm states and so the inner
product is not positive definite. This is the obstruction to a sensible quantum field theory.
There are many important lessons we can draw from this simple example. First,
the physically acceptable noncomutative geometry background is different from the ones
merely allowing the existence of the deformation quantization algebra. Although there
may well be other criterion, the unitarity requirement alone already severely constraints
the possibilities. THe deformation quantization algebra satisfying unitarity condition does
not always exist on a general Poisson manifold with arbitrary Poisson structure. Further-
more, we will argue that the unitariry constraint appears as the requirement of asymptotic
operator representation in Fedosov’s formulism[16]. An immediate result is an important
topological obstruction formula.
The result in this paper also proves the uniqueness of the matrix algebra on the
two-sphere. As a physical application, it can be regarded as a D-brane wrapping on the
two-sphere. We see the unitarity only allows the matrix degrees of freedom, which is
expected from the intepretation of the construction of a D2-brane from N D0-branes.
From this point of view, the theory of a brane on two-sphere is the matrix theory.
The result of this paper can be generalized to the noncommutative CPn.
The paper is organized as follows. In section 2, after a short review of the symplectic
reduction in the classical symplectic geometry, we discuss the generalization of this con-
struction to the level of the deformation quantization algebra. We mainly follow [12] and
explicitly construct the deformation quantization algebra on CPn at generic radius. In
section 3 we start to analyze scalar field theory on the noncommutative sphere. The trace
of the algebra is constructed, the Laplacian and the related eigenvalue problem is solved,
and the norms of the eigenvectors are explicitly calculated. The unitarity obstruction is
found at noninteger radius by explicit calculation. We also discuss its relation to the su(2)
representation theory. Section 4 contains the discussions about the lessons we learned from
this simple example. After drawing the conclusion that deformation quantization algebra
is not enough for a physical theory, we discuss the relation of the unitarity requirement
to the strict deformation quantization. In particular, we argue that the unitarity require-
ment is equivalent to the asymplectic operator expansions, and thus find the topological
onstruction formula. Finally we comment on the relation of the construction here to the
noncommutative scalar soliton solutions.
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2. Deformation quantization algebra on CPn
2.1. Deformation Quantization: An Overview
Noncommutative geometry originally arises from the study of the operator algebra.
According to Gelfand-Naimark theorem, the category of compact topological spaces and
the category of commutative unital C∗-algebras are isomorphic. Generalizing this cor-
respondence, the noncommutative associative algebra is dual to certain noncommutative
space. The “points” of the noncommutative space is the spectrum of the algebra. Other
topological properties are inferred from the algebra. This greatly enlarges the category of
the spaces and makes it possible to test the idea that the spacetime at the Planck scale is
fundamentally different from the ordinary space.
One main source of noncommutative spaces is the deformation quantization[6][20].
It is the reformulation of quantizating a classical mechanics system. The phase space
of classical mechanics is a symplectic manifold, where the symplectic form, by definition
a nondegenerate closed two-form, determines a Poisson bracket structure on the smooth
functions C(M) on the phase space M by {f, g} = ωij∂if∂jg. Deformation quantization
seeks a noncommutative product, depending on a formal parameter h, in the form f ∗ g =∑∞
n=0 h
nCn(f, g) for f, g ∈ C(M), such that C0(f, g) = fg, C1(f, g) − C1(g, f) = {f, g},
where the Cn are bidifferential operators locally of finite order.
The problem of the existence of the deformation quantization has been studide by
methematicians for a long time. In the symplectic case, this is proved by Dewilde and
Lecomts[17] and Fedosov[7]. Kontsevich proved its existence for any Poisson manifold[8].
Thus, the deformation quantization always exists.
By generalized Darboux theorem, locally in any open set of a symplectic manifold, the
deformation quantization star product is isomorphic to the Moyal product. This seems
to raise a question, for example on the two-sphere, if we take the two-form to be zero
at one point, then the deformation quantization is effectively over the sphere minus one
point, which is diffeomorphic to the two-plane, and the conclusions of two-plane should be
suitable for the two-sphere. Actually, the symplectic condition prevents this situation. On
the two-sphere, any two-form B is proportional to the standard volume form ω: B = f(x)ω.
Requiring B symplectic implies f(x) can not be zero. Thus the deformation on a curved
symplectic manifold is truely a nontrivial task.
There is a gauge equivalence relation among the star produts, which is defined on
funtions C(M) as a transformation T : C(M)→ C(M), T (f) = f+hgi1∂if+h2g2ij∂i∂jf+
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..., such that it is an algebric isomorphism T (f ∗ g) = T (f) ∗′ T (g). We caution that
this equivalence is in the category of formal series in the parameter h, and requiring the
convergence of the product may have nontrivial result.
There is an isomorphism between the equivalence classes of deformations of Poisson
structure onM and the equivalence classes of differentiable deformations of the associative
algebra C∞(M).
The equivalence classes of the star products is determined by the two-cohomology
classes H2(M,R)[13]. More precisely, for two star products ∗ and ∗′ which coincide up to
m-th order in h, the skewsymmetric part of their difference at (m+1)-th order is determined
by a closed 2-form on M . If this form is exact, there is a equivalence transformation T
such that ∗ and T (∗′) coincide up to m+1-th order in h. In particular, the flat symplectic
space R2n has only trivial cohomology, and the Moyal products for any constant two form
are equivalent. This is the basis for the Seiberg-Witten map. Another example is CPn
whose two-cohomology class is one dimensional, and the star products is parametrized
by a formal series in h valued in H2(CPn,R). Upon taking a specific value of h, this
is again a particular element of H2(CPn,R). In particular, we can choose in each two-
cohomology class the representative two-form to be proprotional to the standard symplectic
form and perform quantization. A question ramains is that, there are possibly many
different H2(CPn,R)-valued formal series in h, although they have different star product
formula, will produce the same element in H2(CPn,R) upon assigning specific value to h.
We will see shortly that it is closely related to normalization condition about D(x, θ) in
the equivalence transformation S which will be discussed in the next section. They bring
nothing to the equivalence classes of the star product on CPn. Then in the particular
example of CPn, the equivalent classes of star products are paremetrized by H2(CPn,R).
2.2. Deformation Quantization Algebra on CPn from Symplectic Reduction
In this paper, we will follow the symplectic reduction approach to discuss the defor-
mation quantization algebra on CPn [12]. In this approach, the sympletic manifold is
embedded into a high dimensional (usual flat) symplectic space such that the symplectic
form on the curved manifold is the pullback of that on the flat symplectic space. The de-
formation quantization is constructed via a generalized “pull-back” from the star product
on the flat space. This will gives an explicit closed form multiplication formula on CPn.
We first recall the geometrical construction of the symplectic reduction. Let Y be a
symplectic manifold equipped with symplectic form Ω. At each point p ∈ Y the tangent
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space is a symplectic vector space under Ωp. Assume manifold X is embedded inside Y ,
i : X → Y , such that the tangent space TX is mapped to the coisotropic subspace of TY .
(The subspace W of a symplectic vector space V is coisotropic if W⊥ ⊂W .) Usually this
is realized by some constraint equation. The pullback of Ω to X , Ω′ = i∗(Ω), is in general
degenerate. To get a submanifoldM ofX on which the induced two-form is nondegenerate,
we define the null subspace of TX as (TX)p − (TX)⊥p − ((TX)⊥p )⊥, ∀p ∈ M . It can be
proved to be a distribution, and, by Frobenius theorem, it determines a foliation of X . If
the fibration has constant rank, the quotient space M is a differentiable manifold, and Ω′
descends to a nondegenerate symplectic form on M . Thus symplection reduction has two
steps, the first is to realize the constraint, and the second step is to perform a quotient
operation.
The generalization of the symplectic reduction to the deformation quantization is
similiar. Although we will work entirely on the algebra of functions, the geometrical
picture of those operations should be clear.
We start from the flat noncommutative space Cn+1 whose coordinates are (z1, ...,
zn+1, z¯1, ..., z¯n+1), and the constant symplectic form is block diagonal, ω =
i
2θ
−1dzi ∧ dz¯i.
We use the Wick product on the noncommutative Cn+1 which is equivalent to the Moyal
produt (here we change the formal parameter h in the usual definition of the star product
to θ which is more familiar to physicists),
F ∗G =
∞∑
r=0
θr
r!
∂rF
∂zi1 ...∂z
r
i
∂rG
∂z¯i1 ...∂z¯
r
i
. (2.1)
We define the function x(z) as,
x(z) ≡
n+1∑
i=1
ziz¯i. (2.2)
In the following we will vary the radius and keep the θ constant. The deformation algebra
depends on the parameter
k = xθ−1 =
∫
S2
B, (2.3)
this is the same as changing the periods of the effective B field on CPn while keep the
volume.
On any symplectic manifold, there is a correspondence between the Hamiltonian func-
tions and the Hamiltonian vector fields via symplectic 2-form. We say function j(z, z¯) gen-
erates the flow defined by the vector field Xj if ω(j, f) = Xjf = {j, f} for any function f .
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In particular, the function j(z, z¯) = x2 generates the U(1) action onC
n+1: zi → eiαzi, zi →
e−iαz¯i, with corresponding vector field X = x
∂
∂x
=
∑n+1
i=0 i(zi
∂
∂zi
− z¯i ∂∂z¯i ). Now define a
real 2n + 1 dimensional sphere S2n+1 by {z ∈ Cn+1|x(z) = µ} = Ker(x − µ), which is a
U(1) fibration over CPn. Then quotient by U(1) action gives CPn = S2n+1/U(1). This
is the geometric symplectic reduction, and we will discuss its realization on the algebra of
the smooth functions with star product (2.1).
The functions on CPn are obtained by the projections of the U(1)-invariant functions
on S2n+1, while functions on S2n+1 are obtained from putting constraint x(z) = µ to the
functions on Cn+1. We define the following two sets of functions.
(1) N1 ≡ {f ∈ C∞(Cn+1)|f(αzi, α¯z¯i) = f(zi, z¯i), α ∈ C \ {0}.}. These are functions
on CPn or equivalently homogeneous functions of order zero on Cn+1. Derict calculate
the star product on this set of functions is diccicult, so we turn to N2 which is easy to
describe and better behaved under the star product.
(2) N2 ≡ {f ∈ c∞(Cn+1)|[x−µ, f ] = 0}. These functions are U(1)-invariant, and the
commutator is generated from the star product. We have N1 ⊂ N2 ⊂ C∞(Cn+1). N2 is
closed under the Wick product, so is actually a star subalgebra. The generators can be
chosen as {ziz¯j , i, j = 1, 2, ..., n+ 1}.
The whole construction is very similiar to the Dirac quantization with constraint
x = µ. Put this constraint on the U(1)-invariant functions N2 should do. Obviously there
are functions in N2 containing factor (x− µ) which should be “set to be zero” to get the
quotient algebra. If the algebra were commutative, we can literally set them to be zero, or
equivalently set all the x to be constant µ, to get a valid commutative quotient algebra.
This is called quotient of the algebra of N2 by the ideal generated by x − µ. But in the
noncommutative algebra, this naive operation will have problem.
To see the problem, we need to study the star product more carefully. Let f ∈ N1,
F ∈ N2, Ri(x) ∈ C∞(R+)(these are called radial functions), and the star product between
these functions are as follows,
1) R ∗ F = F ∗R = ∑∞r=0 θrr! xr ∂rR(x)∂xr ∂rF∂xr ;
2) R1 ∗R2 = R2 ∗R1;
3) R ∗ f = f ∗R = Rf .
Under the naive quotient where x is set to be constant µ, the radial function is
also set to be a constant. The star product of the radial function and homogeneous
functions reduces to the commutative pointwise multiplication. So there wll not be any
problem for these multiplication. But the star product between the radial functions is not
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pointwise. Simply set x to be a number µ is not consistent, a counterexample is sufficient:
(x ∗R(x))|x=µ = µR(µ) + θµdR(x)dx |x=µ 6= µR(µ).
In Dirac quantization, this problem is solved by defining an equivalent relations in
N2. This is not satisfactory in the current context of obtaining a quotient algebra, where
unambiguous functions and product law are required. The solution is to make an equiva-
lence transformation S on the algebra of functions in one variable x, such that the induced
nonlocal star multiplication becomes the pointwise multiplication. Then set x to be con-
stant µ will be legitimate operation. Recall that x is the radius square of Cn+1 and takes
value in R+, its multiplication law is
R1(x) ∗R2(x) =
∞∑
r=0
θr
xr
r!
∂rR1(x)
∂xr
∂rR2(x)
∂xr
. (2.4)
The existence of S is ensured by the general deforamtion theory of the associative alge-
bras. The second local Hochschild cohomology group of the associative algebra of smooth
complex-valued functions on R+ is isomorphic to Γ(Λ2TR+) which is trivial, so up to
equivalence relation there is only one multiplication in R+. But we will see this transfor-
mation will have further remification, as it transforms a local field into a nonlocal field,
whose meanings we will make precise in the discussion.
The equivalence transformation S is a formal power series in x and the differential ∂x,
S(x, ∂x) =
∑∞
r=0 θ
rSr(x, ∂x), with the defining property
S(R1 ∗R2) = (SR1)(SR2), S0 = 1, R1, R2 : R† → C. (2.5)
Defining the symbol Sˆ(x, l) by the action on the Fourier mode el(x) = e
lx,
Sˆ(x, l)el(x) = (Sel)(x). (2.6)
The star product between the Fourier modes el1 ∗ el2 = el1+l2+θl1l2 becomes a functorial
equation of the symbols under S
Sˆ(x, θl1l2 + l1 + l2)e
θl1l2x = Sˆ(x, l1)Sˆ(x, l2). (2.7)
The general solution is[12]
Sˆ(x, l) = exp{x
θ
D(x, θ)log(1 + θl)− lx}, (2.8)
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where D(x, θ) = exp(θC(x, θ)) is an arbitrary formal power series in θ with smooth coeffi-
cient functions starting with 1. In particular, S(x, ∂x)x = D(x, θ)x. Requiring the radius
square x(z) of the sphere be invariant under S fixes D to be trivial, D(x, θ) = 1, thus (2.8)
becomes
Sˆ(x, l) = exp{x
θ
log(1 + θl)− lx}. (2.9)
The transformation of the monomials in x are
S(x, ∂x)x
r = x(x− θ)(x− 2θ)...(x− (r − 1)θ), r ≥ 1;
S(x, ∂x)x
−r = [(x+ θ)(x+ 2θ)...(x+ rθ)]−1, r ≥ 1.
(2.10)
We can now tie a loose end to the discussion of the equivalent star products on CPn
at the end of section 2.1. The star product is parametrized by a formal series in θ valued
in H2(CPn,R), which corresponds to a particular choice of D(x, θ) as a formal series in
θ. Its effect on the transformations of the monomials in x as seen from (2.10), apart from
a overal constant factor, is merely a rescaling of the radius µ to µ/D(µ, θ). Thus there is
nothing new to the whole equivalence classes of the star products, it merely change the
effective value of the radius. Set D(x, θ) to be one is a convient choice, and it is enough
to give all the equivalence classes of the star products.
In conclusion, the deformation quantization algebra on CPn at radius square x = µ
is obtained through the following procdures:
1) Take the subalgebra of U(1)-invariant functions N2 over C
n+1 with induced star
products, and rename it (A, ∗). It has linear basis being monomials in {xk} ≡ {ziz¯j , i, j =
1, ..., n+ 1}.
2) Transform (A, ∗) to an equivalent associative algebra (S(A), ∗˜) using S. As a dif-
ferential operator in x, S only acts on facotor x, while homogeneous functions in N1 are
invariant under S and behave like constants. Any degree d monomial can be written as a
homogeneous functions times xd, Πi(xi)
di = xdΠi(
xi
x )
di , where
∑
i di = d. Thus monomi-
als having the degree transform the same under S. Notice that after the transformation,
the functions of radius R(x) have pointwise multiplication with each other, and we say the
radius direction is “regularized”.
3) Finally, take the quotient of (S(A), ∗′) by the two-sided ideal generated by x− µ.
This is simply putting x to be µ in the multiplication formula. S(A)/(x − µ) is the
noncommutative associative algebra on CPn at radius square µ.
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In particular, the degree d monomials in xi’s transform under S as S(Πi(xi)
di) =
S(xdΠi(
xi
x )
di)) = S(xd)Πi(
xi
x )
di = x(x − θ)...(x − (d − 1)θ)Πi(xix )di . After restricted to
x = µ, it becomes
S(Πi(xi)
di) = (1− θ
µ
)...(1− (d− 1)θ
µ
)Πi(xi)
di , (2.11)
the only change being an additional factor which depends only on the degree of the mono-
mial. In the following we will combine the map S and the quotient by x − µ as a single
operator Sµ, to project out the noncommutative algebra on two-sphere at radius x = µ.
3. Noncommutative two-sphere and scalar field theory
3.1. Noncommutative algebras on two-sphere
An algebra is a vector space equipped with a multiplication law compatible with the
linear structure. The vector space structure can be specified by a complete basis. A set of
generators of the algebra should produce a basis through consecutive multiplication, so it
usually contains far less elements than a linear basis.
The noncommutative two-sphere can be embedded in the noncommutative C2 with
coordinate (z1, z2). This is also called Wigner-Jordan construction, originally came from
the study of the su(2) representation. The coordinate functions {x+, x−, x3} are U(1)
invariant functions on C2:
j =
x
2
=
1
2
(z¯1z1 + z¯2z2), x3 =
1
2
(z¯1z1 − z¯2z2),
x+ = z¯1z2, x− = z¯2z1.
(3.1)
In the usual commutative algebra, they satisfy the relation
x23 + x+x− = j
2. (3.2)
An obvious linear basis for the space of functions on the two sphere is the set of
monomials {xm3 xn+xl−, l, m, n = 1, 1, 2, ...} under the constraint (3.2). A minimum set of
generators is obviously the coordinate functions {x+, x−, x3}. The whole algebra is deter-
mined by the star product between these generators, itself induced from the embedding,
x3 ∗ x3 = x23 + θj/2,
x3 ∗ x+ = x3x+ + θx+/2, x+ ∗ x3 = x3x+ − θx+/2,
x3 ∗ x− = x3x+ − θx−/2, x− ∗ x3 = x3x− + θx−/2,
x+ ∗ x− = x+x− + θ(j + x3), x− ∗ x+ = x+x− + θ(j − x3).
(3.3)
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They satisfy equation
x3 ∗ x3 + 1
2
(x+ ∗ x− + x− ∗ x+) = x23 + x+x− +
3
2
θj = j2 +
3
2
θj, (3.4)
which under the mapping Sµ becomes
x3∗˜x3 + 1
2
(x+∗˜x− + x−∗˜x+) = µ
2
(
µ
2
+ θ). (3.5)
The induced commutators for these generators, [f, g] = f ∗˜g − g∗˜f , are
[x3, x±] = ±x±, [x+, x−] = 2x3. (3.6)
The xis are exactly the generators of the su(2) Lie algebra. They acts by ajoint represen-
tation on the whole noncommutative algebra.
Notice that we can equally choose another set of vector space basis {xi(1) ∗ xi(2) ∗ ... ∗
xi(n)|n = 1, 2, ...; i(n) = {3,+,−}.}. The linear equivalence with the symmetric polynomial
basis {xl3xm+xn−} is obvious from a series of formulae similiar to (3.3). We will use the
symmetric polynomials to avoid the cubersome ordering in the notation.
Specializing the deformation quantization procedure for CPn in the last sectin to
the two-sphere, we can distinguish two qualitatively distinct classes of quotient algebras
depending on the moduli k = µθ−1:
(1) When k = µ
θ
is a positive integer, Sµ is a projection operator, whose image contains
polynomials in xi’s up to total degree k.
Sµ(x
r) = θr
k!
(k − r)! , if r < k;
= 0, if r ≥ k.
(3.7)
This algebra can be identified with Fuzzy sphere at level k. We emphasize that the level k
appears naturally as the moduli of the algebra here. This result is exact and no artificial
truncation is needed. The quantum field theory on this background has been discussed in
many papers.
In the limit k →∞, all the polynomials are preserved. Furthermore the multiplication
law becomes commutative in the limit. Recall that k =
∫
S2
B, this is the same as large
B field limit. Or if we fix the radius of the sphere µ, this is the same as small θ limit.
In view of the similar role of θ as h¯ in the quantization from equation (2.1), this is the
semi-classical limit h¯→ 0 of the quantum mechanics.
(2) When k = µθ is noninteger, all the polynomials up to infinite degree are present. As
a set, it is the same as the commutative algebra on the two-sphere. but the multiplication
law has changed. We have
Sµ(x
r) = θr(
µ
θ
)(
µ
θ
− 1)...(µ
θ
− r + 1). (3.8)
We will explore the properties of these algebras below.
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3.2. Trace on the noncommutative sphere
To study quantum field theory on the generic noncommutative two-sphere, we first
construct the trace. It is a linear functional over the algebra, satisfying the cyclic property
similar to the trace of the matrix algebra: Tr(fgh) = Tr(hfg) = Tr(ghf) for arbitrary
elements f, g, h of the algebra as long as the expression is well defined (i.e. fgh is of trace-
class). Further we require it reflect certain symmetry of the underlying geometry, which is
SU(2) symmetry in the case of two-sphere.
There is only one natural candidate satisfying above conditions. Under the spherical
coordinates (θ, φ), it is the integration
Tr(f) =
∫
sinθdθdφf(θ, φ). (3.9)
The map Sµ only affects the radius x part, while the integration over the sphere only
involves the angular part. Therefore these two operations are interchangable. We can
employ this property to calculate the trace of a function f˜ = Sµ(f) as Tr(f˜) = Sµ(Tr(f)).
In particular, we have
∫
sinθdθdφSµ(f)∗˜Sµ(g) = Sµ(
∫
sinθdθdφf ∗ g), (3.10)
where f and g are homogeneous functions onC2 with the natural star product, while Sµ(f)
and Sµ(g) are their projections to the noncommutative sphere at x = µ with induced star
product ∗˜.
We choose the linear basis of the space of functions to be {xl3xm+xn−}, and transform
to the spherical coordinates, x3 =
x
2 cosθ, x± =
x
2 sinθe
±iφ, then seperate the radius and
the angular dependence,
xl3x
m
+x
n
− = (
x
2
)l+m+n(cosθ)l(sinθeiφ)m(sinθe−iφ)n. (3.11)
The trace of a monomial is then
Tr[Sµ(x
l
3x
m
+x
n
−)] = δm,n4π2
−(l+2m+1)Sµ(x
l+2m)B(
l + 1
2
, m+ 1) (3.12)
for l even, and zero for l odd. B(x, y) = Γ(x)Γ(y)Γ(x+y) is the beta function, and Sµ(x
l+2m) is
given in (3.7)(3.8).
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3.3. Uniqueness of the trace
We have constructed the trace using the spherical symmetry. An important question
is whether there is any other trace on this noncommutative algebra. We will argue that
the trace is unique up to a constant function.
This follows from the Fedosov’s approach to the deformation quantization problem[7].
In this approach, a formal Weyl algebra bundle is introduced for any symplectic manifold.
This bundle can be regarded as the tangent bundle equipped with the star multiplication
in the fiber. Define a abelian connection D on this bundle to be a Weyl algebra-valued
connection such thatD2a = 0 for any section a of the bundle. The kernel ofD, i.e. Da = 0,
are called the flat sections and denoted by WD. They are closed under the multiplication,
and in one-to-one correspondence to the smooth functions over the symplectic manifold.
Thus its multiplication law map to the smooth functions gives the deformation quantization
algebra, or quantum algebra.
A crucial property of quantum algebra is the generalized form of the Darboux the-
orem. Classically, Darboux theorem states that on a symplectic manifold there exists
local coordinates on a neighborhood of any point such that the symplectic form is given
by ω = dx1 ∧ dx2 + ... + dx2n−1 ∧ dx2n. It can be proved that any quantum algebra
WD is locally isomorphic to a trivial Weyl algebra WD0(R
2n). Now, on any symplectic
manifold, we can take a partition of unity {ρi(x)} subordinate to a open cover {Ui}, i.e.∑
i ρi(x) = 1, suppρi ∈ Ui. Then use the above mentioned bijection between the smooth
functions on the manifold and the flat sections on the formal algebra bundle, the ρi can
be mapped to the flat sections ρˆi and form a partition of unity in the quantum algebra
WD:
∑
i ρˆi ⋆ a = a. Define the trace of a to be tra = trρˆ ⋆ a. Notice that ρˆi as a section of
the bundle still has support in Ui, so will be ρˆ ⋆ a. As Ui is isomorphic to the trivial Weyl
algebra whose trace is unique, this is well-defined. The only arbitraryness is in the choice
of the partition of unity. It is then easy to verify that two partition of unity give the same
trace.
The deformation quantization algebra from the symplectic reduction is the same as
the quantum algebra in Fedosov’s approach, thus the trace constructed in the previous
section is unique up to a constant density function.
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3.4. Quantization of the scalar fields
We first write down the action for a scalar field on the noncommutative 2-sphere at
radius square x = µ,
S[f˜ ] = Sµ(Tr(K[f ]− V [f ])),
K[f ] = ∂tf ∗ ∂tf − [x3, f ] ∗ [x3, f ]− [x+, f ] ∗ [x−, f ]− [x−, f ] ∗ [x+, f ].
(3.13)
The potential V [f ] is a function of f with the multiplication law being Wick product.
We can work out the kinetic part in terms of differential operator as follows. First,
using the Wick product formula, and denote the star commutator [xi, f ] as Adxif , we find
Adx3 =
θ
2
[(z¯1∂z¯1 − z1∂z1)− (z¯2∂z¯2 − z2∂z2)],
Adx+ = θ(z¯1∂z¯2 − z2∂z1),
Adx− = θ(z¯2∂z¯1 − z1∂z2).
(3.14)
Acting on the functions of (x3, x+, x−), they can be expressed as
Adx3 = θ(x+∂x+ − x−∂x−),
Adx+ = θ(2x3∂x− − x+∂x3),
Adx− = θ(x−∂x3 − 2x3∂x+).
(3.15)
Transformed into the spherical coordinates, these operators are exactly the differential
operator forms of the angular momentum operators,
Adx3 = θ(−i∂φ),
Adx+ = θ(e
iφ∂θ + ie
iφctgθ∂φ),
Adx− = θ(−e−iφ∂θ + ie−iφctgθ∂φ).
(3.16)
The classical equation of motion for the scalar field f is
∂2t − [Ad2x3(f) +Adx+Adx−(f) + Adx−Adx+(f)] = V ′[f ]. (3.17)
Notice that Ad2xi(f) = [xi, [xi, f ]] 6= Adxi∗xi . Next set V = 0 to find the free propgating
modes. The spatial part of the Laplacian is exactly the angular part of the Laplace equation
in three dimension, and has a well defined eigenvalue problem. The eigenvectors of the
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operator (Ad2x3+Adx+Adx−+Adx−Adx+) are called solid harmonics when written in terms
of (x3, x+, x−):
Ylm = [
2l + 1
4π
(l +m)!(l −m)!] 12
∑
k
(−x1 − ix2)k+m(x1 − ix2)kxl−2k−m3
22k+m(k +m)!k!(l −m− 2k)! . (3.18)
Ylm is a degree l homogeneous function in xi, with eigenvalue l(l+1)θ under the Laplacian
(Ad2x3 +Adx+Adx− +Adx−Adx+). Under the mapping Sµ, it merely chenges by an overall
scaling factor (1−θ/µ)(1−2θ/µ)...(1−(l−1)θ/µ). We will find in the next section that this
is crucial in determining the sign of the inner product. Notice that {Ylm|l = 1, 2, ...;m =
−l,−l + 1, ..., l.} is also a complete set of linear basis of the space of smooth functions on
two-sphere, so the eigenvectors of the Lagrangian expand the whole function space.
3.5. Inner products
To have a well defined quantum theory, we need a Hilbert space of quantum states in
which the inner product is positive definite, i.e. (f, f) ≥ 0 for any element f in the space.
We define the inner product of two functions f˜ = Sµ(f), g˜ = Sµ(g) on the noncommutative
two-sphere as
(f˜ , g˜) = Sµ(
∫
sinθdθdφf¯(x) ∗ g(x)). (3.19)
Under the complex conjugation, the Wick product behaves as f ∗ g = g¯ ∗ f¯ , and the solid
harmonics transforms as
Y¯lm = (−1)mYl,−m. (3.20)
The calculation of the inner product among the solid harmonics will proceed in three
steps. First, we prove that Ylm’s for different (l,m) are orthogonal to each other. The solid
harmonics {Ylm} together with the star product can be regarded as tensor operators with
the associative multiplication of the quantum operators, and su(2) Lie algebra generators
{xi} acts by the star commutators,
∑
i
AdxiAdxi(Ylm) =
∑
i
[xi, [xi, Ylm]]∗ = l(l + 1)θYlm,
Adx3(Ylm) = [x3, Ylm]∗ = mθYlm.
(3.21)
The star product Ylm ∗ Yl′m′ can be viewed as coupling of tensor operators and in general
produces linear combinations of Ylm satisfying certain selection rules. The trace eaaentially
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picks up the SU(2) invariant part, i.e. the Y00 part. The coupling of two tensor operators
into a rotational invariant is given by Wigner coefficient, Cll
′0
mm′0, thus we have
(Y˜lm, Y˜l′m′) = (−1)mSu(Tr(Yl,−m ∗ Yl′m′)
∝ (−1)mCll′0−mm′0) = δll′δm,m′
(−1)l√
2l + 1
,
(3.22)
and the claim is proved.
Next, we prove that all the Ylm for the same l but different m have the same norm.
Use the cyclic permutation invariance property of the trace and (3.21), we have
Tr([x+, Ylm] ∗ [x−, Ylm]) = Tr([x+, Ylm] ∗ [x−, Yl,−m]− 2mYl,−m ∗ Ylm). (3.23)
By angular momentum relations,
[x+, Ylm]∗ =
√
(l −m)(l +m+ 1)Yl,m+1,
[x−, Ylm]∗ =
√
(l +m)(l −m+ 1)Yl,m+1,
(3.24)
and the conjugation of the solid harmonic (3.20), this is equivalent to a recursive relation
(l +m)(l −m+ 1)(Yl,m−1, Yl,m−1) = (l −m)(l +m+ 1)(Yl,m+1, Yl,m+1) + 2m(Ylm, Ylm).
(3.25)
Then if Yl,m+1 and Ylm have the same norm, Yl,m−1 has the same norm. This proves the
claim.
Finally, we calculate the norm of Y˜ll = Sµ(Yll), where Yll =
√
2l+1
4pi (2l)!
xl+
(−2)ll!
. We
find the following result (see Appendix A):
(Y˜ll, Y˜ll) =
(2l + 1)!θl
22l
Sµ(x
l)F (−l,−µ
θ
− l; l + 1; 1), (3.26)
where F (a, b; c; 1) = Γ(c)Γ(c−a−b)Γ(c−a)Γ(c−b) is the hypergeometric function F (a, b; c; z) at z = 1, and
it is positive for the values in (3.26). So up to a l-dependent positive constant, the sign of
the norm square of Y˜lm is determined by Sµ(x
l) = µ(µ− θ)...(µ− (l − 1)θ). Obviously, if
l is large enough then it can be negative.
Depending on the radius of the sphere, the inner product behaves qualitatively differ-
ent for the following two cases:
(1) k = µ/θ ∈ R+ −Z+:
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The norm square of Y˜lm is positive for all l < µ/θ, and negetive and positive alternately
for all l > µ/θ. The signature of the inner product is (+ + +... + + − + − + − +...) in
the l index. It is not a Hilbert space, thus the noncommutative two-sphere at non-integer
ratius is not a valid backgound for the quantum field theory.
(2) k = µ/θ ∈ Z+:
All the Y˜lm strictly satisfy l < µ/θ, so they all have positive norms. It is a finite
dimensional Hilbert space, and the noncommutative two-sphere in this case is a valid
background for quantum theory.
The effect on the unitarity comes from the nonlocality caused by the noncommutativ-
ity. Before the action of the equivalence transformation Sµ, x
l is always positive for x > 0
and there is no issue of negative norm. Sµ transform the l degenerate zeros at x = 0 of x
l
into l different nondegererate zeros at x = 0, θ, ..., (l− 1)θ. It is exactly this factor Sµ(xl)
that produces negative norm state for the case (1) which destroies the unitarity.
Certainly, to prove that the noncommutative sphere at non-integer radius is not a
valid background for quantum field theory, we need to prove that it does not have a Hilbert
module, on which the elements of the algabra act as linear operators, and the star product
between those element being the associative multiplication between the operators. Suppose
there is such a represtation space with a complete orthogonal basis {|n〉}. Any operator A
satisfies Tr(A¯∗A) = ∑n〈n|A¯∗A|n〉 = ∑ ||A|n〉||2 ≥ 0, so all the negative-normed operators
of the algebra should annilate all the states in this Hilbert space. This is equivalent to
require a quotient of the algebra (or a subset of it) to keep all the non-negative normed
elements while preserving the associative product structure. Simple observations about
the multiplication law shows there is no such subalgebra, this proves that noncommutative
sphere at non-integer sphere can not sustain any quantum field theory.
A better yet simpler argument that the noncommutative sphere at non-integer radius
does not support quantum field theory is via path integral consideration. The kinetic term
in the action (3.13)is the sum of the norm of all the solid harmonics, which will be negative
for the negative normed modes. Upon performing the path integral, these modes causes
e−S to be unbounded, and the path integral is not well defined. The quantum field theory
on such background is thus not well defined.
FInally we discuss the relation to the fuzzy phere from the consideration of su(2)
representation theory. The su(2) representation theory states there is no unitary rep-
resentation for non-integer angular momentum. This argument seems to invalidate the
noncommmutative algebra at noninteger radius of the two-sphere without any calculation
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necessary. But simple check of the results in the previous sections shows that non-integer
angular momentum never appears.
Actually there is no contradiction. There are two seperate issues here. The repre-
sentation theory only cares about the linear structure of the representaion space, while
the algebra has to be closed under multiplication in addition to the linear structure. An
algebra can be reducible under the symmetric group while irreducible as an algebra. The
is actually ythe case here. su(2) Lie algebra generators act on the space of the functions by
adjoint action as Adxi , not act by regular action. The radius in (3.2)is not the total angular
momentum in general. Only when k = µθ is integer and there is a finite cutoff in the space
functions, the radius coincides with the maximum angular momtntum. In general, any
degree d monomial is transformed under S into polynomials with degree no greater than
d. We can divide the whole space of functions according to the adjoint action by xi’s: the
space of polynomials with highest degree no great than d is an invariant subspace of su(2).
When µ/θ = k, the function space is a direct sum of the representations of su(2) with
angular momentum of l = 0, 1, 2, ..., k. At noninteger radius, the space of the functions
is decomposed into the direct sum of the irreducible representations of su(2), with every
possible total angular momentum eigenvalue present. Although each seperate eigenspaces
corresponding to a particular total angular momentum is a Hilbert space itself, they are
not necessarily closed under multiplication. Several of them have to be put together to
combined into an algebra by the associative multiplication. In this process, the relative
sign of the inner product in these subspaces could be different. This is what happens in
case of non-integer k. The unitarity obstruction to as associative algebra can not be found
by using representation theory of su(2) alone.
4. Discussions
The deformation quantizaiton algebra on the two-sphere provides a good chance to an-
swer some questions about noncommutative geometry on a curved manifold and quantum
field theory. We will also comment on the related issues like its relation to the noncom-
mutative solitons in Cn in this section.
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4.1. Deformation quantization, C*-algebra and strict deforamtion quantization
In the origianl commutative case, Gelfand-Naimark theorem established the equiva-
lence between the category of the compact amnifold and the category of comutative unital
C∗-algebra. By definition, C∗-algebra is an involutive Banach algebra for which the foll-
woing identity holds: ||x ∗ x|| = ||x||2 for any elment x. The importance of the C∗-algebra
requirement is that it can always be represented as bounded linear operators on a Hilbert
space. This ensures the existence of an underlying Hilbert space.
On the other hand, in the usual deformation quantization approach to the noncommu-
tative geometry, efforts are mainly put to find noncommutative associative algebra itself
obtained from the deformation, whose moduli space is continuous. A priori, these are not
necessarily C∗-algebras. In particular, we find an explicit example of a deformation quan-
tization algebra, the noncommutative algebra of two-sphere at non-integer radius, which is
not a C∗-algebra, as it has negative-normed elements and does not have Hilbert module.
The unitarity condition, picks up the integer radius and entails the quantization condition.
It seems likely that this quantization is imposed by the compactness of the manifold, as
quantum mechanics statess there are only finite degrees of freedom on a compact space.
We should combine the deformation quantization with the requirement of unitarity
to build a valid geometric background for quantum field theory. M.A. Rieffel[11] uses the
concept of strict deformation quantization. It seeks a noncommutative product defined
on a dense subset of C∞(M) for a Poisson manifold, and requires a C∗-algebra structure.
It is stronger than the requirement of the unitarity, as it not only requires the underly-
ing Hilbert module, but the elements in the algebra are represented as bounded linear
operators1. Rieffel argued that for the two-sphere with the rotational invariant symplec-
tic structure, there is no strict deformation quantization which preserves the action of
SO(3)[15], because of the appearance of the unbounded operators. This certainly rules
out C∗ algebra structure. (The case of fuzzy sphere is not included as it has only finite
number of degrees of freedom, and the functions are not dense in the space of functions on
the sphere.) But we know that unbounded operators are common in quantum mechanics,
and one would doubt whether requirement of the strict deformation quantization is too
stringent and there is still valid quantum theory in this case. Our result in this paper
rules out this possibility merely using the unitarity requirement. We do not know if we
really need the stronger condition of C∗ algebra or just unitarity condition, in addition
1 We thank Greg Moore for discussion about this point.
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to the existence of the deformation quantization algebra, to ensure the a valid quantum
theory. But unitarity is certainly a necesary conditon, and in the case of two-sphere, it is
equivalent to requirement of the C∗ algebra structure.
4.2. Unitarity on general symplectic manifold: AOR
The study of noncommutative two-sphere shows the importance of the untarity con-
dition. For the general symplectic manifold, it imposes a topological constraint on the
symplectic form, as we will see in this section.
We use the Fedosov’s Weyl algebra bundle approach. As discussed in setion 3.3, the
algebra of deformation quantization comprises the flat sections WD(M) for a choice of
abelian connection D. The unitarity requires the existence of a Hilbert module of this
algebra, such that the functions of the algebra can be represented as operators on this
Hilbert space. This is called asymptotic operator representation, stuided by Fedosov in
[16].
The technical definition of the asymptic operator representation can be seen in [16].
Using the index theorem in case of deformation quantization algebra, and in particular
by explicit construction, Fedosov proved the sufficient and necessary condition for the
existence of the AOR is
ω − 1
2
c1(TCM) ∈ H2(M,Z). (4.1)
This topological obstruction formula should work for simply connected manifoldonly.
The noncommutative torus, having nontrivial Π1, avoids this obstruction.
4.3. Mapping S and the noncommutative soliton on Cn
Recenely noncommutative spherical solitons on noncommutative Cn are found[21] ,
which is based on a complete set of Hilbert space projection operators defined as functions
over x = r2, where r is the radius. These functions are nilpotents under the star product,
φm(x) ∗ φn(x) = δm,nφn. Explicitly, they are φn(x) = Ln(x)e−x/2, n = 0, 1, 2, ..., where
the Ln is the Legurre polynomial and the λ = 1 normalization is assumed.
Since these soltions depend only on the radius coordinate with multiplication law
under the induced star product, while the deformation quantization algebra on sphere is
obtained from an algebraic isomphism between the induced star product on R+ and the
pointwise multiplication on the same R+, it is natural to wonder the connection between
these them. We will found they are complementary in a sense.
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Consider the image under the mapping S. As S is a homomorphism of the associative
algebras, we have S(φm)S(φn) = δmnS(φm) under the commutative pointwise multipli-
cation. How is it possible? It turns out that S is not well defined over all of C∞(R+).
Precisely those nilpotents φn(x) are mapped to singular fuctions on R
+, which is infinity
when x/θ is smaller than some positive interger and zero otherwise. So this really creates
a set of mutually orthogonal step-like singular functions in the commutative functions over
R+. Thus the Hilbert space of projection operators constructed from φn is complementary
to the noncommutative algebras on CPn.
This limitation of algebraic cohomological arguments merely repeats the same theme
about the relation between the mathematics and physics. In mathematics it is resonable to
abstract some properties and ignore the rest. In physics more restriction may be imposed
to get a resonable theory. From the theory of formal algebra deformation, any associative
multiplication law on R is the same: the equivalence transformation always exists. But in
general it is not an algebra isomorphism. The domain and the image of the equivalence
transformation can both vary.The cohomological consideration only provides informaiton
about the associativity, but in physics we have to consider detailed space of functions
allowed in the theory.
Acknowledgements
The author would like to thank Michael Douglas for invaluable discussions and en-
couragement, without which this work would not have been possible.
Appendix A. The norm of Y˜ll
We calculate the norm of Y˜ll = Sµ(Yll) in this appendix. The strategy is to use
(3.10), calculate the product of Y¯ll and Yll using the star product of C
2, performing the
integration, and finally applying the projection Sµ.
First, we have
Yll =
√
(2l + 1)!
4π
(
−1
2
)l
xl+
l!
,
Y¯ll =
√
(2l + 1)!
4π
(
−1
2
)l
xl−
l!
.
(A.1)
The norm square of Y˜ll is
(Y˜ll, Y˜ll) = Sµ[
∫
sinθdθdφY¯ll ∗ Yll]. (A.2)
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Now we need to calculate the star product of xl+ and x
l
− via the embedding x+ = z¯1z2,
x− = z¯2z1, and use (2.1),
xl− ∗ xl+ =
∞∑
k=0
θk
k!
∂k(z¯2z1)
l
∂z¯k2
∂k(z¯1z2)
l
∂zk2
,
=
l∑
k=0
θk
k!
(
l!
(l − k)! )
2(
x
2
)2l−k(1 +
x3
x/2
)l(1− x3
x/2
)l−k.
(A.3)
Transforming into spherical coordinates and perform the integration, we obtain
∫
sinθdθdφxl− ∗ xl+ = 4π
l∑
k=0
θk
k!
(
l!
(l − k)! )
2x2l−k
Γ(l + 1)Γ(l − k + 1)
Γ(2l − k + 2) . (A.4)
Apply the projection operator Sµ, we have
(Y˜ll, Y˜ll) = 2
−2l
l∑
l=0
θk
(2l + 1)!
(2l − k + 1)!
l!
(l − k)!k!Sµ(x
2l−k),
= 2−2l(2l + 1)!θlSµ(x
l)
l∑
k=0
l!
(l − k)!k!
Sµ′(
x
θ )
k
(l + k + 1)!
,
(A.5)
where in the second equality we have rearranged the label l → l−k, and write Sµ(xl+k) =
Sµ(x
l)Sµ′(x
k), where µ′ = µ − lθ. Introduce the notation (a)k = a(a+ 1)...(a+ (k − 1)),
we can express the sum in tems of the hypergeometric function,
(Y˜ll, Y˜ll) = 2
−2l(2l + 1)!θlθlSµ(x
l)F (−l,−µ′/θ; l+ 1; 1). (A.6)
Substitute in µ′ = µ+ lθ, we obtain (3.26).
F (a, b; c; z) is the hypergeometric function, its general definition being
F (a, b; c; z) =
∞∑
k=0
(a)k(b)k
(c)kk!
zk. (A.7)
When the a = −l and l is a non-negative integer, it is a finite sum
F (−l, b; c; z) =
l∑
k=0
(−l)k(b)k
(c)kk!
zk, (A.8)
which is the expression used to obtained (A.6) from (A.5).
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